CBS inequality (Cauchy — Bunyakovskii — Schwarz inequality)

Yue Kwok Choy

Question 1
(a) By considering the inequality (ajx —b;))>>0 prove the Cauchy-Schwarz Inequality:

“Let ay, ay, ....,a,  byg, by, ....,b, betwo sets of real numbers.
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i=1 i=1 i=1

Equality sign holds iff a;:a, ....:a,=byby: ... by ”

(b) Giventhata,b,c>0 and a+b+c=3.Prove that:
() a+b’+c2>3 (i) a®+b*+c*>3 (iii) ~/ab+~/bc ++/ca <3

Solution

(@) (aix-b)*>0 i=1,2,...,n
> (ax—b)’ =(z af}xz -2) ab, +(Z bizjzo vxeR
i=1 i=1 i=1 i=1
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i=1 i=1 i=1

Equality sign holds < (a;x - b)>=0 i=1,2,...,n
<:>aix-bi=0 i=1,2,...,n
& oA A ... ian=bbyLl by

(b) (i) Apply Cauchy-Schwarz inequality:
(ax1 + bx1 + cx1)? < (a® + b? + cd) (1% + 12 + 19

sa’+b?+c? 2%(&1+b+c)2 :%X?)Z =3

31 31 31
(ii) (a2a2+b2b2+0202] <(a®*+b*+c’fa+b+c)
(@%+b%+c?) <3(a®+b®+c?)
a3+b3+c32%(a2+b2+cz)22%x32:3,by(b)(i).

(iii) (x/gx/5+«/5x/5+x/5x/5)2 <(a+b+c)b+c+a)<3x3=9
Vab ++/bc ++/ca <3



Question 2

@ Let a,,a,,---,a, be positive real numbers. By considering the Cauchy-Schwarz inequality,

prove that » a; < n[Z(ai)zj :
i=1 i=1

(b) Hence, or otherwise, prove that

1+%+%+---+l <+/2n-=1 for all natural numbers n.
n

Solution

(@) Applying the Cauchy-Schwarz inequality to the numbers:
a,a,.,a, ; 1,1,..,1

fue st

i=1

(b) Let a, == , 1<i<n.

Then by (a), we have
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